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Any textbook goes through the proofs of Ceva’s and Menelaus’ theorems.
But you haven’t learned geometry through De Gua’s or the radiation symbol
theorem! In this handout, we’ll discuss problem-solving techniques through
the proofs of some obscure theorems.

More important than the theorems are their proofs and ideas,
and that’s what we’ll focus on. The theorems aren’t that useful, but the
techniques appear everywhere from short-answer to proof questions.

You should know about angle chasing, Ceva’s and Menelaus’ theorems,
area ratios, similar and congruent triangles, the Pythagorean theorem, and
parallelograms. Harder problems might need other geometry knowledge.

Each section ends with some questions related to the theorem, sorted by
difficulty. Lightning bolts (%) mark harder problems. The problems range
from pretty easy to olympiad-level questions; everyone from the beginner
to the advanced reader should learn something useful.

Hints are available at the end. Use the hints one at a time: don’t use
the second until you’ve thought about the first. More problems, further
reading, and references used in preparing the article are also at the end.

1 Equilateral triangles

Equilateral triangles seem like a boring subject for theorems. It’s like trying to come
up with theorems about squares. You get a square has equal diagonals or a rectangle
with three equal sides is a square.

However, interesting things happen once we start adding other stuff. For example,
the British flag theorem £ starts with a rectangle ABCD, but adds a point P.

Problem 1.1. If you haven’t heard of this theorem before, try proving it! Given a
rectangle ABCD and a point P inside it, prove AP%? + CP? = BP? + DP?. Hint: 20

A B

D C

Our first two theorems also have a similar setup: take an equilateral triangle ABC,
and add a point P. Also like the British flag theorem, these two theorems talk about
the lengths of AP, BP, and C'P. Let’s go!


https://en.wikipedia.org/wiki/British_flag_theorem
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1.1 Van Schooten’s theorem

Try to prove the following theorem, or at least, draw some diagrams and convince
yourself it’s true:

Problem 1.2 (van Schooten’s theorem). Let P be a point on the minor arc BC of
equilateral triangle ABC. Then PA = PB + PC.

A

N1

P

If you know Ptolemy’s theorem &, then you should see a quick solution by applying
it to quadrilateral ABPC. We'll try to prove this theorem without using Ptolemy’s,
instead making some clever constructions.

To prove that PA is the sum of PB and PC, let’s try to split up PA into two
segments. One will have length PB, and the other should have length PC'. We pick the
point D on segment PA such that PD = PB. Hopefully, the equal segments should
produce some coincidences in our diagram.

A

N\L—°
P

From construction, we have PD = PB, so to finish, we need to prove AD = PC.
Let’s look at what we can get from PD = PB. If we draw BD, it doesn’t just look
like triangle BDP is isosceles, but it looks like it’s equilateral too. Try to prove this!

Example 1.3. Prove that triangle BDP is equilateral. Hint: 3

An angle chase shows /BPD = /BPA = /ZBCA = 60°. Since ABDP is isosceles,
the remaining two angles are 60°, making it equilateral.

Maybe we can show that AD = PC by constructing a similar equilateral triangle.
Let E be the point such that AADE is equilateral. But there’s a problem: there


https://en.wikipedia.org/wiki/Ptolemy%27s_theorem
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are two possible choices of E on opposite sides of AD. Let’s draw both and see what
happens.

A

Es

Eq

N

P

Surprisingly, it looks like F lies on the circumcircle! It even looks like B, D, and F;
are collinear! It also seems that this line is parallel to PC, which would make DFE{CP
is a parallelogram. In fact, if it was a parallelogram, we’d be done.

Example 1.4. Try to prove these:
(a) If DE{CP is a parallelogram, then AD = PC.
(b) DE;CP is a parallelogram! Hints: 103 17

For the first one, if it was a parallelogram, then PC = DF; because they’re opposite
sides. But DEy = AD because AADUE is equilateral, so that finishes the proof. The
second one’s a bit harder, and needs some more steps. If you didn’t get the exercise,
try to show them individually:

e B, D and Eq are collinear: ZADE; = 60° = ZBDP.

e [ lies on the circumcircle: ZAF1B = ZAE1D =60° = ZACB.

o DFEy and PC are parallel: ZADFE, =60° = ZABC = ZAPC.

e DP and E1C are parallel: /BEC = Z/BAC = Z/PAF; =180° — ZPCE;.

That finishes the proof! We can write a nicer one if we directly construct the line
parallel to PC to define D and E, rather than using equilateral triangles:

Problem 1.5. Let the line through B parallel to PC' intersect segments AP and the
circumcircle at points D and FE, respectively.

(a) Show that ABDP is equilateral, so BP = DP. Hint: 32

(b) Show that AADE is equilateral, so AD = DE.

(c) Show that DECP is a parallelogram, so DE = PC'. Hint: 103
(d) Finish the proof!

For the first, we get
/DPB=/APB=/ACB =60° and /DBP =180°—- /BPC = /BAC = 60°,

so ABDP is equilateral. Also,
/AED = /AEB = /ACB =60° and ZADE =/PDB = 60°,
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so ANADE is equilateral. Finally,
/DEC = /BEC = /BAC = ZABC = ZAPC = Z/DPC,

so DP and EC are parallel. But DE and PC' are parallel by construction, so DECP
is a parallelogram. This gives AP = AD+ DP = DE+ BP = PC + BP.

The main trick in this proof is to divide a segment to show it’s the sum of two
others. It appears in a lot of other problems as well, and I talk about this more in my
other handout Constructions .

Exercises
Exercise 1.6. What happens when P lies on minor arc AB or minor arc C'A instead?

Exercise 1.7. In the proof, we constructed the point D on AP such that PB = PD. What
would happen if we construct the point D on AP such that PC = PD instead? Does the
proof still work? What would need to be changed?

Problem 1.8 (¥[4]). In ABPC, Z/BPC = 120°. Let @ be the foot of the angle bisector of P
to BC. Prove that PQ(BP + PC) = BP - PC. Hints: 95 83

Problem 1.9 (% IMO 1997 ). Angle A is the smallest in triangle ABC'. Points B and C divide
the circumcircle of the triangle into two arcs. Let U be an interior point of minor arc BC. The

perpendicular bisectors of AB and AC meet line AU at V and W, respectively. Lines BV and
CW intersect at T'. Show that AU = T'B + T'C'. Hints: 39 56

1.2 Pompeiu’s theorem

Van Schooten’s theorem dealt with the case when P is on the circumcircle of AABC.
We're left with the case when P isn’t on the circumcircle. This is covered by our next
theorem, Pompeiu’s theorem:

Problem 1.10 (Pompeiu’s theorem). Let P be a point not on the circumcircle of an
equilateral triangle ABC'. Then there exists a triangle with side lengths PA, PB, and
PC.

A

B C

Let’s try the same thing we did for van Schooten’s theorem, and construct a triangle
with these side lengths. Let’s use PC as one of the sides and add a point D so that
APCD has the side lengths we want. Then DP and DC should have the same lengths
as PA and PB, in some order.

There are four possibilities, and two of them make sense. Of course, we don’t know
if either one exists, but let’s assume it does and see what we get.


http://cjquines.com/files/constructions.pdf
https://aops.com/community/c6h58299
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B \/C

Dy

The first possibility is Dy such that D1 P = PB and D;C = PA. The other one is
Dy such that DoP = PA and DyC = PB. Either one makes sense because they make
an isosceles triangle: in the first case, you have ABPDq; in the second case, you have
NAPDs. Like last time, it seems that we have some good coincidences:

Example 1.11. Assume that point D; exists. Convince yourself that ABPD; looks
equilateral. Using this, show that ACBD; =2 ANABP.

If ABPD were equilateral, then we’d get BD; = BP. We also have D:C' = PA
by construction, and CB = AB. So by SSS congruence, we get ACBD; =2 NABP.
These are great coincidences, if we only knew that D, existed in the first place!

Here’s a general trick. Suppose you want to show a point P with property A also
has property B. Then try constructing a point P’ such that it has property B in the
first place, then show that P’ = P! In other words, add a phantom point!

So instead of starting with a point Dy such that APCD; has the side lengths we
want, we’ll start with a point D such that ABPD is equilateral, and hope we still have
ANCBD = ANABP!

A

B\\/C

D

Example 1.12. Construct D such that triangle BPD is equilateral, as in the diagram.
Show that ACBD =2 AABP. Then finish the proof! Hint: 36

We can’t use SSS congruence, since we don’t know if CD = AP. In fact, that’s what
we're trying to prove, so we definitely can’t use that! But we still have BD = BP and
CB = AB. So we only need to show ZCBD = ZABP. Some angle chasing shows
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us that /CBD = /PBD — /PBC = ZABC — Z/PBC = ZABP, so we’re done by
SAS congruence! The congruence gives us CD = AP, and then APCD has the side
lengths we want.

There’s another, important way to look at triangles CBD and ABP. They’re related
through a rotation. Indeed, consider a 60° rotation centered on point B: it takes P
to D and A to C, so those triangles must be congruent! The idea of rotating to match
up segments appears in the following exercises too.

Exercises

Exercise 1.13. Does the proof still work when P is outside of ABC'? What happens when P
is on the circumcircle? How does this relate to van Schooten’s theorem?

Exercise 1.14. Point O is on the plane of an equilateral triangle ABC' such that ZAOC = 90°
and ZBOC = 75°. Find the angles of the triangle with sides AO, BO, and CO.

Problem 1.15. Point P is inside square ABC'D such that PA =1, PB = 2, and PC = 3.
Find ZAPB. Hints: 100 78

Problem 1.16 (%). Point P is inside equilateral triangle ABC' such that PA = 3, PB = 4, and
PC = 5. Find the area of triangle ABC'. Hints: 28 12

Problem 1.17 (¥ HMMT 2018 ). Equilateral triangle ABC' has circumcircle 2. Points D
and E are chosen on minor arcs AB and AC of Q respectively such that BC = DE. Given
that AABE has area 3 and AACD has area 4, find the area of AABC'. Hints: 43 91 7 69

1.3 Viviani's theorem

This two previous theorems dealt with the distances from a point to the vertices.
Viviani’s theorem, on the other hand, deals with the distances from a point to the sides
of the triangle.

Problem 1.18 (Viviani's theorem). Let P be a point inside equilateral triangle ABC.
Then the sum of the distances from P to the sides of the triangle is equal to the length
of its altitude.

A

B C

Since we have altitudes, we’re motivated to look at the areas of triangles. This is
because the distance from P to BC, for example, is an altitude:

Example 1.19. Consider the distance from P to BC. Which triangle is it an altitude
of? How does this relate to the triangle’s area? Complete the proof.


https://s3.amazonaws.com/hmmt-archive/november/2018/HMMTNovember2018GeneralRoundSolutions.pdf
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B C

If we let a be the distance from P to BC, and s be the side length of AABC, then
the area of ABPC' is %as. Similarly, if we let b and ¢ be the distances from P to CA
and AB, the areas of ACPA and ANAPDB are %bs and %cs. But these areas add up to
the area of AABC'! If the height of AABC' is h, we get

as bs cs hs

2 T2 T2 T
and dividing both sides by %s gives a + b+ ¢ = h, so we are done.
The trick of considering areas is something we’ll develop more in the next section.

Exercises

Exercise 1.20. Does the theorem generalize to parallelograms? There’s no sense of an “altitude”,
but is the sum of the distances from P to the sides of the parallelogram constant? (Constant
means it doesn’t change no matter which point P we pick.) What about tetrahedrons? What
about regular polygons, in general?

Exercise 1.21. Suppose that for a AABC, if we choose any point P inside it, the sum of the
distances from P to the sides of the triangle is constant. Does it mean AABC' is equilateral?
Hint: 19

Problem 1.22 ([29]). It’s also possible to prove Viviani’s theorem using constructions, like we
did for the previous two theorems. Try to do so. This diagram might help:

Problem 1.23 (¥ Australian Intermediate 2015 ). Point X is chosen inside an equilateral
triangle ABC, and Y, Z, and W are the feet of the perpendiculars from X to AC, AB, and
BC, respectively. It is given XY : XZ : XW =1:2: 4. Find the ratio of the areas of AZXY
and ABC'. Hints: 9 31

Problem 1.24 (%% [1]). Prove the extension to equiangular polygons: the sum of the distances
from an interior point to the sides of an equiangular polygon is constant. Hints: 68 47


https://www.amt.edu.au/wp-content/uploads/15AIMO.pdf

Obscure geometry theorems Carl Joshua Quines

2 Ratios and areas

Areas are a powerful tool. In the previous section, we used areas to give a short proof
of Viviani’s theorem. Ceva’s theorem &' is another theorem that can be proven using
areas. In particular, we’ll look at area ratios.

Here, we look at two theorems that both involve ratios of areas. We’ll be referring
to areas a lot in this section, so define [ABC D] to be the area of quadrilateral ABC'D,
and [ABC] to be the area of AABC. We'll start with a proof of Ceva’s theorem.

Problem 2.1 (Ceva's theorem). Let P be a point inside triangle ABC'. Let lines AP,
BP, and CP meet opposite sides at points D, F, and F', respectively. Then

AF BD CE _ |
FB DC EA
A
E
F
B D C

In the proof of Viviani’s theorem, we used [APB], [BPC], and [CPA|. Here, we use
the same trick. But as stated earlier, we look at their ratios. Try this:

APB] BD
[ ) ——. Then finish the proof! Hints: 70 85

Example 2.2. Show that (CPA] = D0

Here, we apply a very useful fact when dealing with area ratios. If two triangles
have the same altitude, the ratio of their areas is the ratio of their bases.
Look at AADB and ACDA. They have the same altitude from A to BC. Similarly,
APDB and ACDP share the same altitude from P to BC'. This gives us

BD [ADB] [PDB]

DC ~ [CDA] ~ [CDP|
How do we get [APB]? It looks ike [ADB], but we subtract [PDB]. This is where we

use a little algebraic trick: if § = ¥, then § = 7 = H—Z. For example, since 2 = %,
both are equal to % = g. Applying this gives us

BD [ADB]—-[PDB] [APB]

DC  [CDA]—[CDP]  [CPA]
But now multiplying the similar results ?—g = ggé% and % = Egg gives us the

desired theorem.
The key idea in this proof is that triangles with shared altitudes have area
ratios equal to base ratios. We will use this fact over and over again in this section.


https://en.wikipedia.org/wiki/Ceva%27s_theorem
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2.1 One-seventh area triangle

Before dealing with our next theorem, let’s consider this special case:

Problem 2.3 (One-seventh area triangle). In triangle ABC, points D, E, and F' lie on
sides BC, C A, and AB respectively, such that

CD AE BF _

BD CE AF
Then the area of the inner triangle formed by the lines AD, BE, and C'F is one-seventh
the area of ABC.

A

D

There’s a lot of symmetry in this figure. Looking at the inner triangle, it looks like
a lot of its side lengths are equal to other lengths in the diagram. For example, its
bottom side looks like the same length as the distance from B to one of its vertices.

This inspires us to try making copies of the triangle, and rearranging the pieces. For
example, if we reflect the triangle over the vertex closest to B:

A

The area of the reflected triangle outside the original triangle seems to fit in perfectly
with the red area. Try to show that they do fit, and finish the proof from here:

Example 2.4. Try these:
(a) Show that the outside blue triangle and the red triangle are congruent.
(b) What happens when we reflect the inner triangle over line BE?
(c) Finish the proof!
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Of course, the solution to this special case is completely unlike the general solution.
But the idea of cleverly rearranging the area is classic. Some of the problems in
this section have the same idea of rearranging areas to compute them.

Exercises

Exercise 2.5. In parallelogram ABCD, points E, F', G, and H are the midpoints of CD, DA,
AB, and BC, respectively. The lines AFE, BF, CG, and DH form an inner parallelogram.
Show that the area of this inner parallelogram is one-fifth the area of ABC'D. Hint: 28

Problem 2.6. Here’s a proof of the one-seventh area triangle that’s a bit easier to find:

(a) Show that the blue and green triangles have the same area. Hint: 70
(b) Show that the green and red triangles have the same area.
(c¢) Finish the proof!

Problem 2.7 (%). A circle with radius 1 is drawn centered on a 3 x 3 grid of unit squares. Find
the area inside the lower-left and bottom squares but outside the circle. Hints: 100 15

/] AN

)

N L/

(

Problem 2.8 (§% UKMT 2014 ). A circle with area 2500 is divided by two perpendicular
chords into four regions. The two regions next to the region with the circle’s center, shaded
in the figure, have combined area 1000. The center of the circle and the intersection of the
chords form opposite corners of a rectangle, whose sides are parallel to the chords. What is
the area of this rectangle? Hints: 98 67 42 2

VAN
_

10


https://www.ukmt.org.uk/pdfs/2014/SolsIntOlympiad14.pdf
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2.2 Routh’s theorem

Routh’s theorem generalizes the previous result to any ratio:

Problem 2.9 (Routh's theorem). In triangle ABC, points D, E, and F lie on sides BC,
CA, and AB respectively, such that

BD " cE VM Ar 7
Then the area of the inner triangle formed by the lines AD, BE, and CF is the area
_1)2
of ABC times (zyz — 1) .
(ey+y+1)(yz+2z+1)(zxc+2+1)
A
F
R
E
p Q
B D C

Label the points as in the diagram. We’ll set [ABC] = 1, since this doesn’t affect
the proof. Our strategy to find [PQR] is to find [ARC], [BPA], and [C@QB] in terms
of z, y, and z. From here, we can find the area of [PQR] by subtracting from [ABC].

Example 2.10. Try these:
(a) What is the ratio of [ARC] to [ADC|? Hint: 70
(b) What is the ratio of [ARC] to [ABC]? Hint: 84
(¢) Find the ratio of AR to AD in terms of z, y, and z. Hints: 94 75

The key idea here is the same as earlier. If two triangles have the same altitude,
the ratio of their areas is the ratio of their bases. To find [ARC], we have to
relate it to [ABC]. We choose to look at AADC, because it and AARC' share the
same height from C' to AD. It also leads us to AABC, because it and AADC share
the same height from A to BC'. This gives us

[ARC] [ADC] AR DC

[ARC] = [ADC] [ABC]  AD BC’

We can find g—g from the given. But how do we find ﬁ—g? We're working with ratios of
lengths, so let’s use Menelaus’s theorem &. Applying Menelaus’s theorem on triangle
ABD and with points F, R, and C, we get

AP BC DR _
FB CD RA

11
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Example 2.11. Try to work out the algebra yourself:

. . BC . CD
(a) Find oD Using 5 Hint: 90
(b) Using the equation from Menelaus’s theorem, verify RA = mzj—vl'
AR DC x

heck that — - = .
(@) Chhe & AD BC zz+xz+1

We now have [ARC]. We could go through all the steps again to find [BPA]. But we
can also do something simpler: swap the variables around! The expression for [BP A]
is the same as [ARC], if we change the zs to ys, and the zs to ws.

Make sure you understand why this works, because it’s a very useful trick. We are
reducing computation by using symmetry. This is why computational techniques
can be effective in problems with lots of symmetry. Now, finally:

[PQR] = [ABC] — [ARC] — [BPA] — [CQB]

_ T Y z
N ze+x+1 zy+y+1 yz4+z24+1
(zyz — 1)°

e+x+D(zy+y+D(yz+2+1)

Example 2.12. Check that the algebra works out! Try to reduce your computation by
using symmetry: once you simplify one of the numerators, you can swap the variables
around to find the other numerators. Hint: 8

Exercises

Exercise 2.13. Check that Routh’s theorem makes sense when z = y = z = 2. What happens
when z =y = z = 17 Does this make sense?

Exercise 2.14. Verify that Routh’s theorem agrees with Ceva’s and Menelaus’s theorems.

Problem 2.15 ([20]). In triangle ABC, points D, E, and F' lie on sides BC, CA, and AB

respectively, such that
cp_ AB_ - BF_
BD U cCcE Y ¥MurT*
. . ryz + 1
Prove that the area of DEF is the area of ABC times . Hint: 28
(z+ D+ 1)(z+1)

Problem 2.16 ([18]). In parallelogram ABCD, points E, F, G and H lie on sides BC, CD,
DA, and AB respectively, such that

BE CF DG AH
EC FD GA HB
Prove that the area of the inner parallelogram formed by the lines AF, BF, CG, and DH is

—1)2
the area of ABCD times u
z2+1

Problem 2.17 (¥ %AMC10 2004 £). In AABC, points D and FE lie on BC and AB, respectively.
If AD and BE intersect at T such that AT/DT = 3 and BT /ET = 4, what is CD/BD? Hints:
70 58 110

455

. Hint: 10

12
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2.3 Radiation symbol theorem

The other important idea with area ratios is using similar triangles:

Problem 2.18. Let P be a point inside triangle ABC. Parallel lines drawn through P,
parallel to AB, BC, and C'A, determine three triangles with areas A4, Ap, and Ac.

Then /[ABC] = VA4 + VA5 + vAc.

A
Y
F
Ac Ap
A E
Ay
B D X C

Label the points as in the above diagram. The useful fact is if two triangles are
similar, the ratio of their areas is the square of the ratio of their lengths.
If you have two squares, and the second square has sides double the first, the second
square must have area four times the first.

How do we know to look for similar triangles in the first place? The previous fact
is one reason, because we have square roots of areas. But more importantly, we have
parallel lines. Parallel lines make similar triangles!

Example 2.19. Try these:
(a) Prove that APDX ~ AABC.
(b) Write /A4 in terms of v/A multiplied to something.
(c¢) Finish the proof!

Here, parallel lines PD and AB give /PDX = /ABC'. Similarly, /PXD = Z/ACB.
So by AA similarity, APDX ~ ANABC'. By the above fact, we get

As  (DX\? VAL DX DX
A (Z2) 22 s A==
A < BC > JA BC 4~ BC
By writing similar statements for AFZP and AY PE, we get:

DX PE Z P DX+ PE+ZP
\/AA+\/AB+ AC—BiC\/Z‘f‘BiC\/E"‘BiC\/K— BC \/K

A.

If you haven’t finished the proof yet, try to do so now:
Example 2.20. Finish the proof from here!

As ZPDB and PECX are parallelograms, we see ZP = BD and PE = X(C'. This
makes DX + PE+ ZP = BD + DX + XC = BC, which finishes the proof.

13
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Recall the two main ideas in this section:
1. If two triangles have the same altitude, the ratio of their areas is the ratio of
their bases.
2. If two triangles are similar, the ratio of their areas is the square of the ratio of
their lengths.
Conceptually, the two of these are used to do the same thing. They change a ratio
of lengths to a ratio of areas, and vice-versa. If you have lengths or areas, and
need the other, try to use these two.

Exercises

Exercise 2.21 (AIME 1984 ). A point P is chosen in the interior of AABC such that when
lines are drawn through P parallel to the sides of AABC, the resulting smaller triangles 1, to,
and t3 in the figure, have areas 4, 9, and 49, respectively. Find the area of AABC.

Exercise 2.22. What do we get if Ay = Ag = A¢? Which point P achieves this? Is this the
only point P that does? Find a geometric interpretation for the ratio of A4 to [ABC].

Problem 2.23 ([8]). The triangles PDX, YPE, FZP are not the only triangles formed by
point P. Consider also triangles AZFE, FBX, and Y DC. Show the following;:

(a) 24/[ABC] = \/[AZE] + /[FBX] + \/[Y DX]. Hint: 28

(b) The midpoint of the centroids of AZE and PDX is P. Hint: 49

(c) The centroids of AZE, FBX, and Y DC form a triangle, and its centroid is P. Hint: 23

Problem 2.24 (¥%). Square ABC'D has side length 6. Point M is the midpoint of BC, and AM
and BD intersect at point P. Find the area of ABPM. Hint: 61

Problem 2.25 (% PMO 2019 ). In rectangle ABCD, point @ lies on side AB such that
AQ : QB =1:2. Ray CQ is extended past @ to R so that AR is parallel to BD. If the area
of triangle ARQ is 4, what is the area of rectangle ABC D? Hints: 80 104

Problem 2.26 (%[19]). There exists a point P such that the segments DY, EZ, and F X are
of the same length. Prove that this length is two-thirds the harmonic mean of the sides of
ABC. Hints: 28 34

3 Three dimensions

In general, a lot of three-dimensional geometry theorems are pretty obscure. This
wasn’t always the case! Euclid’s Elements ends with a whole chapter on solid geometry.
Of course, by now, the results there are all standard.

This is partly because it’s hard to do three-dimensional geometry without vectors or
calculus. Our first theorem here is naturally proven through vectors. And our last two
theorems are naturally proven through calculus. We'll try to do proofs without them,
but we’ll have to accept the third theorem by faith.

14
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Our first theorem is a generalization of the Pythagorean theorem in three dimensions.
There are, in fact, two ways to generalize it. One of them is used like so:

Example 3.1. Find the length of the longest diagonal of a 3 x 4 x 12 box.

The theorem states its length is /32 + 42 + 122 = 13. Let’s recall its proof. We
draw not only the longest diagonal, but one of the face diagonals too:

The face diagonal is the hypotenuse of a right triangle with legs 3 and 4, so its length
must be v/32 + 42 = 5. The longest diagonal is also a hypotenuse of a right triangle: it
has legs 5 and 12, so it must have length v/52 + 122 = 13.

Exercises

Exercise 3.2. Show that the longest diagonal of an a x b x ¢ box has length va? + b2 + 2.

Exercise 3.3. A segment joins the midpoints of two skew edges of a unit cube. Find its length.
3.1 De Gua’s theorem

The other generalization of the Pythagorean theorem is more obscure:

Problem 3.4 (De Gua's theorem). In tetrahedron ABCO, ZAOB, ZBOC, and ZCOA
are right. Then [AOB)? + [BOC]? + [COA]? = [ABC)?.

A

o !

As AAOB is right, we can write [AOB]? in terms of AO and BO. And we can do
something similar for [BOC]? and [COA]J%. But it doesn’t seem like we can relate these
to [ABC)?, since we don’t have a way to compute [ABC] in the first place. So let’s try
constructing an altitude:
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Example 3.5. Let D be the foot from A to BC.
(a) Find [ABC] in terms of AD and BC.
(b) Find AD? and BC? in terms of AO, BO, CO and DO. Hint: 20
(c¢) Find [BOC] in terms of BC and DO.
(d) Finish the proof from here!

C

We get [ABC| = %AD-BC’, so we get [ABC)? = iADQBCQ. But by the Pythagorean
theorem (surprise!) we get AD? = AO? + DO? and BC? = BO? + CO?. Substituting:

1 1
[ABCT* = 7 (AO* + DO?) BC? = L AO* (BO* + CO?) + ; DO’ BC?.

=~ =

The first term expands as [AOB]? + [COA]?, so we need the second term to be [BOC]?.
But note that OD is an altitude of ABOC, so [BOC| = DO - BC. Thus:

1 1 1
1Ao?Bo2 + ZAOQCO2 + Z1)023(12 = [AOB]? + [COA]? + [BOC)>.

Note that we didn’t really use any three-dimensional geometry theorems in the proof.
This is a general thing: often, three-dimensional geometry problems can be
turned to two-dimensional ones.

Our next result is another great example of converting three-dimensional problems
to two-dimensional ones. But first, problems:

Exercises

Exercise 3.6. Point A is a corner of a 3 x 4 x 12 box. The midpoints of the three edges touching
A are joined to form a triangle. What is its area?

Exercise 3.7. In the proof, why is ZAOD = 90°? Why is OD perpendicular to BC?

Problem 3.8. It is possible to write the proof without constructing point D, and instead using
Heron’s theorem. A triangle with side lengths a, b, and ¢ has area /s(s —a)(s — b)(s — ¢),
where s = £ (a + b+ ¢). Can you finish the proof using this? Hints: 20 50

Problem 3.9. Suppose that, for a tetrahedron ABCO, [AOB]? + [BOC)? + [COA]? = [ABC)?.
Is it true that LZAOB = ZBOC = ZCOA = 90°? Hint: 30

Problem 3.10 (%). In tetrahedron ABCO, ZAOB = /BOC = ZCOA = 90°. 1t is given that
AO =2, BO =6, and CO = 8. What is the distance from O to the face ABC? Hints: 107 18
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3.2 Area of an annulus

To warm up for our next result, here are two classic problems:

Problem 3.11. Take a string and wrap it around a coin. Take another string and
wrap it around the Earth. Now we lengthen the first string such that there is a one
centimeter gap all around, between the string and the coin. We also lengthen the
second string to make a one centimeter gap all around the Earth. Did we lengthen the
first string more, or did we lengthen the second string more?

Surprisingly, it’s the same for both: 27 centimeters. The algebra makes sense: if the
original radius was r, then the new radius is r 4+ 1. The difference of the circumferences
would be 27 (r 4+ 1) — 277, or 2w. The original radius doesn’t matter!

Of course, it doesn’t have to be a circle. If you changed the side length of a square
from s to s+ 1, the perimeter always changes by 4, no matter what s is. And it doesn’t
matter what other shape you pick: the change will always be constant.

Consider another problem:

Problem 3.12. Two circles with radii 5 and 13 share the same center. What is the area
inside the larger circle but outside the smaller circle? What if the circles had radii 16
and 20 instead?

The region between two circles with the same center is called an annulus. To find
the area of an annulus, we simply subtract the areas of the circles. In the first case, we
get 1691 — 2571 = 1447, and in the second case, we get 400w — 2567 = 1447.

We get the same area, and it’s not surprising why. If the larger radius is R and the
smaller radius is r, the area would be 7R? — 772 = 7(R? — r?). Here, it’s simply is the
case that 132 — 52 is the same as 202 — 162. But R? — 2 looks familiar:

Example 3.13. In each annulus, draw a chord of the larger circle tangent to the smaller
circle. What are the lengths of these chords?
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AY,

The tangent chords form right angles with the inner radii, so we use the Pythagorean
theorem to find the lengths. We get 2v/132 — 52 = 24 and 2v/20% — 162 = 24. Again,
it’s not surprising why: it’s simply because R? — 2 is the same.

But when we combine this with the previous observation, we get a surprising
conclusion. If two annuli have the same length of the tangent chord, they have the
same area. In other words, the area of an annulus depends only on the length
of its tangent chord. We have another case when the radius doesn’t matter.

Exercises

Exercise 3.14. A string is wrapped around the equator of a perfectly spherical Earth. The
string is cut and a piece 10 meters long is added in. The string is then rearranged so it’s a
uniform height above the equator. About how large is the gap between the string and the
Earth? Can a dog walk under it? Can a car pass under it?
Exercise 3.15. Let’s consider what happens with “circles” of radius 0.

(a) Does the first result still make sense if the original circle had radius 07

(b) If an annulus’s smaller circle has radius 0, does the second result still make sense?

Problem 3.16. A store says a 14-inch diameter pizza has double the pizza of a 10-inch one.
(a) Ignoring the crust, does this make sense?
(b) Assume the crust is an inch wide for both sizes. Does it still make sense? Hint: 65

Problem 3.17 (¥). Two identical buckets are filled with water. One has a hole with radius
2 cm, and the other has two holes with radius 1 cm. Which one drains faster? Hints: 105 59

3.3 Napkin ring problem

Like the last two problems, the radius also doesn’t matter for our next result:

Problem 3.18. A hole in the shape of a cylinder is drilled through the center of a
sphere, leaving a ring of height A. Then the volume of this ring is %Wh3 .

18
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We’ll compare two different rings of the same height, and show that they have the
same volume. This will mean that the original radius doesn’t matter. To show this,
we’ll use Cavalieri’s principle. Imagine two identical stacks of coins, side-by-side:

Photo by Chiswick Chap [, CC BY-SA 3.0.

Consider a plane parallel to the floor that intersects both stacks. The cross-section
for both stacks is a circle. The two circles have the same area, the area of a single coin.
Even if you move the plane higher or lower, the two cross-sections will always have the
same area. Because of this, we know that both stacks have the same volume.

This is essentially Cavalieri’s principle. Suppose you have two solids, and a plane
intersecting both. If the area of the two cross-sections is the same, for any
parallel plane, then the solids have the same volume.

Cavalieri’s principle looks like a good approach for this problem, as both solids have
the same height. We need to show that the cross-sections have the same area.

Example 3.19. Suppose you have two rings of heights h, with radii R and r, side-by-side
on the ground. Consider a plane parallel to the ground intersecting both rings.

(a) What are the shapes of the cross-sections?

(b) Suppose that this plane is height « + % above the ground. What are the areas of
both cross-sections? Hints: 13 20

If we draw a plane parallel to the ground intersecting a ring, the region formed is an
annulus. So to find its area, we need to find its larger and smaller radii.

How will we find the length of its larger radius? We somehow need to use the radius
of the original sphere. If we draw a larger radius, and connect both endpoints to the
center of the sphere, we notice that it forms a right triangle!

19


https://commons.wikimedia.org/wiki/File:Cavalieri%27s_Principle_in_Coins.JPG

Obscure geometry theorems Carl Joshua Quines

R”’“

h

D=

In the figure, this right triangle is drawn as blue. By the Pythagorean theorem, we
get the length of the larger radius as v R2 — x2. However, we can’t do the same thing
for the smaller radius, because we don’t know the hypotenuse.

But notice that the smaller radius is also the radius of the cylinder drilled through
the sphere! So drawing the radius at the bottom gives us a right triangle we can work

with. The shorter radius is {/ R2 — (%h)Q, so the area of the annulus is

1 \2 2 9 1 \2
ey (3) ) R (V) = <<§h) _x2> |
We can repeat the calculation for the second ring, but we can do something clever.
Note that this area doesn’t depend on R at all! So if we repeat the computation for
the second ring, we would get the same thing.
By Cavalieri’s principle, we can conclude that the volume of a napkin ring depends
only on its height. Try to finish the proof by finding its actual volume:

Example 3.20. Compare the ring to a sphere of height h.
(a) Show that the volumes of the ring and the sphere the same. Hint: 64
(b) Conclude that the volume of the ring is %Whg’.

Exercises

Problem 3.21 (¥). Without using the formula for the volume of a sphere, show that the
volumes of the first two solids add up to the volume of the third:

(a) half of a sphere with radius r,

(b) a cone of height r, whose base has radius r, and

(¢) a cylinder of radius r and height r. Hints: 89 41 27

Problem 3.22 (¥%[15]). A cycloid is the curve traced by a point on the circumference of a
circle as it rolls along a straight line without slipping. Find the area underneath a cycloid.
The following diagram might help. Hints: 97 86 62
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3.4 Pappus’s centroid theorem

To talk about the next theorem, we need to define what a centroid is.

Example 3.23. A plate of uniform thickness is in the shape of a triangle. Its vertices
have coordinates (1,0), (5,3), and (6,0). The plate is on top of a thin pole. At which
point on the plate should the pole be under so the plate stays balanced?

(5,3)

o e [ AN

Let’s think about where this point would be for different shapes of plates. The point
should have some kind of symmetry around it. For example, for a rectangle or circle,
the point would lie on its center. For an isosceles triangle, it should lie on its axis of
symmetry. It’s some kind of center.

This point is called the centroid of the region. For triangles, it lies on the centroid
of the triangle, which we can find just by averaging its coordinates. In this case, we
get the centroid’s coordinates as (3 (1+5+6),% (0+3+0)), or (4,1):

11)

One use of centroids is Pappus’s centroid theorem, which we will not prove:

Theorem 3.24 (Pappus's centroid theorem). Consider the solid of revolution formed by
rotating a figure about an axis. Its volume is the product of the area of the figure and
the distance traveled by its centroid.

Y
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A solid of revolution is the solid traced out by rotating the figure around an axis.
The above shows the solid formed by rotating the triangular plate about the x-axis.
The centroid is distance 1 from the z-axis, so it travels a distance of 27. The triangle
has area 7.5, so the solid’s volume is 157.

Example 3.25. Check that its volume is 157 by dividing the solid into two cones.

To find the volumes of other solids of revolution, we need to be able to find the
centroid of other shapes. We’ll focus on polygons in this handout. Our strategy is to
divide a polygon into triangles and rectangles. For example:

Example 3.26. Consider the trapezoid with coordinates (0,0), (9,0), (6,4), and (0,4).
(0,4) (6,4)

(0,0) (9,0)

(a) Divided as above, find the centroids and areas of the rectangle and triangle.
(b) Find the centroid of the trapezoid.

The rectangle has centroid (3,2) and area 24, while the triangle has centroid (7, %)
and area 6. To find the centroid, take the average of the centroids of each part,
weighted by that part’s area. This means multiplying the coordinates by their
areas, taking their sum, then dividing by the total area, for each coordinate:

3-2447-6 2:24+5-6) (19 28
24+6 ' 2446 S \515)°

Example 3.27. Some questions about the above trapezoid:

(a) Divide it into two triangles by joining (0,0) and (6,4). Repeat the process for
finding the centroid. Do you get the same point?

(b) What is the volume of the solid formed by rotating it about the x-axis? Check
the result by dividing the solid into a cylinder and a cone.

(c) What is the volume of the solid formed by rotating it about the y-axis?

Finally, a few notes on computing centroids:

1. The centroid isn’t always at the average of the coordinates! Example:
the above trapezoid. This is why we need to divide polygons.

2. The centroid always lies on an axis of symmetry. Example: If you have a
shape that’s symmetric about x = 0, the z-coordinate of the centroid is 0. The
y-coordinate of the centroid stays the same even if you ignore the left half.

3. You can find centroids of shapes with holes by considering the holes as having
negative area. Check this with the above trapezoid: it’s a rectangle with corners
(0,0) and (9,4), with triangle (6,4), (9,4), (9,0) having negative area.
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Exercises

Exercise 3.28. If you don’t know the formulas for the volumes of a cone or cylinder, derive
them. If you do know them, check that they agree with Pappus’s centroid theorem.

Exercise 3.29. Two people, of weights 40 kg and 50 kg, sit on either end of a seesaw with
length 10 m. Where should the center of the seesaw be placed to balance it? Hint: 92

Problem 3.30. The formula for the volume of a sphere is %wr?’, where r is the radius. Where
is the centroid located on a semicircle of radius 77 Hint: 54

Problem 3.31 (¥%). The solid formed when the previous trapezoid is rotated about the y-axis is
called a frustrum. It is what you get when you take a cone, and cut it with a plane parallel to
its base. The formula for the volume of a frustrum is %ﬂ'h (R2 + Rr + 7“2), where the height of
the frustrum is h and the radii of the bases are r and R.
1. Check that this formula gives the same volume you computed for the previous trapezoid.
2. Prove that the formula is true using Pappus’s centroid theorem. Hint: 37

3. Prove that the formula is true in a different way, by considering a frustrum as the
difference between two cones. Hints: 26 79 4

Problem 3.32 (¥% Sipnayan 2017 [£). A credit card has the shape of a 3 x 4 rectangle. If
you rotate the card about one of its diagonals, what is the volume of the resulting solid of
revolution? Hints: 81 74 63 21

4 Metric relationships

)

This final section is about metric relationships. In geometry, we use the word “metric’
to describe anything involving length. Here, we talk about two very different theorems:
one of them involves four circles, and the other involves quadrilaterals and their
diagonals.

4.1 Descartes’ theorem
Try solving the following problem using the Pythagorean theorem:
Problem 4.1. Two unit circles are externally tangent to each other and internally

tangent to a larger circle of radius 2. A fourth circle is externally tangent to both
smaller circles and internally tangent to the larger circle. What is its radius?

Label the points as in the figure below, noting that ZABC' is a right angle. Let the
radius of the fourth circle be . Then AB is 1, AC is 1 + r because it the sum of the
radii of circle A and circle C, and BC' is 2 — r because it is the difference of the radii
of the circle B and circle C.
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%

By the Pythagorean theorem, we get 12 + (2 — 7)? = (1 +7)2. We find that r = %
Descartes’ theorem directly solves problems like these, without setting up anything:

Theorem 4.2 (Descartes’ theorem). Let ki, ko, k3, and k4 be the curvatures of four
circles, each tangent to the other three. Then (k; + kg + k3 + ka)? = 2(k3 + k3 +Ek3+Kk7).

To use it, we need to define curvature. If two externally tangent circles have radii
r1 and ro, their curvatures are il and 1 . If one circle is internally tangent, the inner
circle’s curvature is stlll -= while the outer circle has curvature —i.

Qoo

In the figure, the circles are labeled with their curvature. Think of it this way:
smaller circles bend more sharply, so they have higher curvature.

Example 4.3. Try applying Descartes’ theorem to the above problem. Note that the
outer circle’s curvature is negative!

The curvature of the two inner circles are both 1, while the curvature of the outer
circle is —%. Substituting and solving, we get

1 2 1 2
<1+1—2+k4) =2 12+12+(—2) + k3

9 9

4k3 —12ks +9 = 0.

The last equation factors as (2ks — 3) =0, so we get k4 = 5. Its radius must be its
reciprocal, or 2. Remember to take the reciprocal to get the radlus' One last thing:

Example 4.4. Note that curvatures 1, 1, 4, and 0 satisfy Descartes’ theorem. What
does this correspond to geometrically?
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A curvature of 0 looks like it would belong to a circle of infinite radius, like a line.
Which makes sense: a line doesn’t curve, so it would have curvature 0. Indeed, circles
of radii 1, 1, and % are externally tangent to a line:

This gives us a useful special case for Descartes’ theorem: one of the circles can
be a line, which has zero curvature. The equation still applies.

Exercises

Exercise 4.5. Three unit circles are externally tangent to each other and internally tangent to
a circle of radius R. Find R.

Exercise 4.6. Solve the equation in Descartes’ theorem for k;. What happens when k3 = 07

Problem 4.7 (% AMC 12A 2015 ). A collection of circles in the upper half-plane, all tangent
to the z-axis, is constructed in layers as follows. Layer Lq consists of two circles of radii 702
and 732 that are externally tangent. For k > 1, the circles in Uf;é L; are ordered according
to their points of tangency with the z-axis. For every pair of consecutive circles in this order,
a new circle is constructed externally tangent to each of the two circles in the pair. Layer Ly,
consists of the 2F~! circles constructed in this way. Let S = U?:o L;, and for every circle C
denote by r(C) its radius. What is

1
7
CZG:S Vr(C)

Hints: 93 38

Problem 4.8 (¥% ARML 2010 ). Let p = HT‘@ and let p = ¢ + /0.
(a) Prove that p* = 2p® + 2p% +2p — 1. Hints: 22 53
(b) Show that four pairwise externally tangent circles with distinct radii in geometric
progression must have common ratio p. Hints: 73 33

Problem 4.9 (%% Ford circles £). Let Cy and Cs be circles with centers (%, %) and (%, %), both
tangent to the x-axis.
(a) Let C5 be the circle tangent to C1, Cs, and the z-axis. What is its radius? Its center?
(b) Let C4 be the circle tangent to Cy, C3, and the z-axis. What is its radius? Its center?
(¢) Circles C1, Cs, C3, and C4 are called Ford circles. Show that there is a Ford circle with
z-coordinate g, for every rational number r between 0 and 1. Hints: 45 20 108
(d) Ifr = %, where the GCD of p and ¢ is 1, show that this circle has radius %. Hint: 5
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4.2 Parallelogram law

To prove our next theorem, we first need to show its special case for parallelograms:

Problem 4.10 (Parallelogram law). In a parallelogram, the sum of the squares of the
sides is the sum of the squares of the diagonals.

There’s a short proof of this using vectors. The theorem is equivalent to proving
20x|% + 2[lyl> = lIx+yl* + |x —y|>. (Why?) Then a short proof follows by
expanding the right-hand side using the dot product.

We will try proving the problem without using vectors. Since we have the squares of
side lengths and their sums, we’re encouraged to use the law of cosines.

D C

A B

Label the parallelogram ABCD. By the law of cosines on triangle BAD, we get
BD? = AB?> + AD?> —2-AB - AD -cos ZBAD. Again by the law of cosines on triangle
ADC, we get AC? = AD?> +CD? -2-AD-CD -cos ZADC. But ZBAD and ZADC

are supplementary, meaning their cosines are negatives of each other. Add them to get

BD? = AB?> + AD?> —2. AB - AD - cos /BAD
AC? =BC?+CD?+2-AB - AD - cos /BAD
BD? + AC? = AB* + BC? + CD? + AD?,

where we also used AB = CD and BC = AD.

Exercises
Exercise 4.11. What happens when we apply the parallelogram law to a rectangle?

Exercise 4.12. Try proving the parallelogram law using coordinates. Let the vertices be (0,0),
(a,0), (a+b,c), and (b, c). Solve for the diagonals and sides using the distance formula.

Problem 4.13 (Apollonius’s theorem ). Let D be the midpoint of side BC' in triangle ABC.
Prove that AB? + AC? =2 (AD2 + BD2). Hint: 102

Problem 4.14 (Stewart's theorem ). Let D be a point on side BC of triangle ABC. Prove
that AB? - DC + AC?- BD = BD - DC - BC + AD? - BC. Hint: 14

4.3 Euler’s quadrilateral theorem

We end with Euler’s quadrilateral theorem, a generalization of the parallelogram law:

Theorem 4.15 (Euler's quadrilateral theorem). In a quadrilateral with sides a, b, ¢, and
d, diagonals e and f, and g the length of the segment joining the midpoints of the two
diagonals, a® + b? + c® + d? = €2 + f? 4 44°.
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Before we begin proving it, let’s first check if it makes sense:

Example 4.16. Check that Euler’s quadrilateral theorem makes sense when applied to
a parallelogram.

We will present Euler’s original proof of this fact. It is a delightful proof in the spirit
of the handout Constructions &, involving, of course, constructing a parallelogram!

Example 4.17. In quadrilateral ABCD, let P and ) be the midpoints of AC and BD,
respectively. Let E be the point such that the midpoint of BE is P.
(a) Show that proving AB2+ BC? +CD?+ DA? = AC? + BD?+ DE? is equivalent
to proving the theorem. Hint: 48
(b) Let F be the point such that the midpoint of DF is P. Identify three parallelo-
grams, whose diagonals all pass through P.

(c) Conclude by using the parallelogram law on these three parallelograms! Hint: 60

D

-

F

The first equation has DE? instead of 4PQ?. So we need to show that DE? = 4PQ?,
or DE = 2P(@Q. But this P is the midpoint of BE and @ is the midpoint of BD,
making DFE a midline of ABDE, so this is true.

The brilliant move in this proof is constructing F'. This point completes three different
parallelograms: ADCF, BDEF, and ABCE. Now we apply the parallelogram law to
each of them, in order:

2DA% +20D? = AC? + DF?
BE? + DF? = 2BD? + 2DE?
2AB? + 2BC? = AC? + BE>.

Adding the three equations, canceling the BE? + DF? on both sides, and then dividing
by 2 gives the first equation. So we are done!
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Exercises

Problem 4.18. What happens when C' is the midpoint of BD? More generally, what happens
when C' is any point on segment BD?

Problem 4.19. If you’re familiar with vectors, there’s a particularly short proof using them.
Consider vectors a, b, ¢, and d. Let p = % (a+c) and q = % (b + d). Then show that
2 2 2 2 2 2 2
b —al” +[lc=bl"+[[d—c|"+[a=d|" = [lc —a|” + |d = b[|" +4]q —p|".

Does your proof work even when the vectors aren’t coplanar? Hint: 109

Problem 4.20 (¥%). In fact, the theorem is true for any four points in space. Check this makes
sense with the following four points on a rectangular prism, by finding the length of PQ? using
Euler’s quadrilateral theorem, and through another method. Hints: 20 76 88

10

Problem 4.21 (¥ %). A regular tetrahedron has side length 2. What is the length of the segment
joining the midpoints of two edges that do not share a vertex? Can you find its length without
using Euler’s quadrilateral theorem? Hints: 24 52 99

5 Grab bag

These problems combine techniques in the handout, and are roughly sorted by difficulty.
Recognizing what you need to use is an important skill.

Grab bag

Problem 5.1. A rhombus with side length 1 has diagonal 1.5. What is the length of its other
diagonal? Hints: 29

Problem 5.2 ([11]). Prove that the sum of the lengths of the perpendiculars from any point on
a side of a rectangle to the diagonals is constant. Hints: 59 72

Problem 5.3 ([13]). In tetrahedron ABCO, ZAOB, ZBOC, and ZCOA are right. Prove that
the segments connecting the midpoints of opposite edges are the same length. Hints: 29 20 66

Problem 5.4 ([12]). Points D, E, and F lie on sides BC, CA, and AB of AAB such that DFE
and DF are parallel to AB and AC. Prove that [ADEF)? = 4[BDF][CDE]. Hint: 34 111

Problem 5.5. Let O be a point on AABC of tetrahedron ABCD. The line parallel to DA
passing through O intersects ADBC at point A;. Define By and C; similarly. Prove that

OA OB ocC
L L 1

pA " DB T Do b

Hints: 107 55 87
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Problem 5.6. A circle has diameter AB. Let C' be the midpoint of one of the arcs AB, and P
any point on the opposite arc AB. Let X and Y be the feet of the perpendiculars from A and
B to CP. Prove that AX + BY = CP. Hints: 39 100

Problem 5.7. Point O is inside regular hexagon ABCDEF. Prove that [AOB] + [COD] +
[EOF| = [BOC] + [DOE] + [FOA]. Hints: 29 106
Problem 5.8 (¥). Let A and B be opposite vertices of a cube. Consider the triangle formed by

the three vertices adjacent to A. Suppose AB intersects this triangle at point M. What is the
ratio of AM to AB? Hints: 11 96 51

Problem 5.9 (%[12]). On sides BC and CD of square ABCD points P and @), respectively,
are taken so that /BAP = /PAQ. Prove that BP + QD = AQ. Hints: 100 78

Problem 5.10 (% [11]). In parallelogram ABCD, F is the midpoint of AB, and F is the
intersection of lines BD and C'F. If [BEC| = 100, find [AF ED]. Hints: 70 49

Problem 5.11 (¥ AHSME 1981 ). In AABC, M is the midpoint of side BC, AN bisects
/BAC, and BN 1L AN. If sides AB and AC have lengths 14 and 19, respectively, then find
M N. Hints: 35 55

Problem 5.12 (%% [13]). A point A is chosen inside a sphere of radius R. Three chords are
drawn through A, each two of them perpendicular. If the lengths of the chords are a, b, and
¢, show that a® + b2 + ¢? = 12R? — 822, where z is the distance from A to the center of the
sphere. Hints: 20 76 44 82

Problem 5.13 (¥%). Prove that the area of a regular octagon is equal to the product of the
lengths of its longest and shortest diagonals. Hints: 98 1

Problem 5.14 (%% JBMOSL 2014 ). Let ABC be a triangle with ZABC = ZBCA = 40°.
The angle bisector of ZABC meets side AC' at D. Prove that BD + DA = BC. Hints: 25 40

Problem 5.15 (¥%[17]). Let ABCDE be a convex pentagon with AB = BC and CD = DE.
If ZABC =2/CDE = 120° and BD = 2, find [ABCDE]. Hints: 102 77 57 16

Problem 5.16 (¥%[13]). In tetrahedron ABCO, ZAOB, ZBOC, and ZCOA are right. Given
that OA = OB + OC, prove that ZOAB + ZBAC + ZCAO = 90°. Hints: 11 101 71 46 6

6 Further reading

On the sources of proofs: The proof of van Schooten’s is original, as far as I know; the
proof of Pompeiu’s is on [4]; the proof of De Gua’s is on [3]; the proof of Euler’s is
cited on [16]; the rest are well-known or on Wikipedia.

On the missing proofs: A good intuitive explanation of Pappus’s centroid theorem
is on [5]. The Wikipedia page on [26] has a rigorous proof. My favorite proof of
Descartes’s theorem is [10].

Viviani’s theorem may seem simple on the surface, but [1] proves a lot of interesting
extensions of it. The radiation symbol theorem’s name is only used in [19]; but [8] has
some really interesting results about the configuration.

There’s this really cool animation of Problem 3.21 on [2]. Wikipedia has a short
guide on computing centroids on [25], and a list of centroids of common shapes on [24].

Using vectors in geometry is essentially like using complex numbers in geometry. My
favorite introductory reference is [7]; but [6] is also great. The only reference I have
specifically about vectors is [9].

If you liked the proofs of van Schooten’s and Euler’s quadrilateral, I will again link
to my handout Constructions &£, which has more problems on the same themes.
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7 Hints

Hints are in random order, so you don’t accidentally glance at the next one.

Make a rectangle with side lengths the longest and shortest diagonals.

The rectangle is one-fourth of the area of the center region.

Show that one of its angles is 60°.

Connect the tip of the cone to the centers of the bases, then draw parallel radii.
It’s equivalent to showing that p doesn’t matter when finding the radius.
ANAOB = ACRQ, NAOC =2 ABPQ, hence ANABC =2 AQCB.

Rotation carries AABFE to ABCD; they have the same area. Use %ab sin C'.
r(ry+y+ 1) (yz + 2+ 1) = 22922 + 22y2 + 2%y + 2y%2 + 22y2 + 2y + 02 + T
One way to solve it: draw lines through X parallel to the sides.

Reduce computation by using symmetry.

. Often, three-dimensional geometry problems can be turned to two-dimensional ones.
. Rotate P 60° clockwise about each of A, B, and C'. What’s the area of the hexagon?
. It remains to find the outer radius and the inner radius.

. The cosines of supplementary angles are negative. Find a way to eliminate them.

. The shaded region is one-fourth of the area inside the grid but outside the circle.

. AFDE =2 ABDC. Arrange the remaining area to fit in ABDF.

. Start by proving B, D, and F; are collinear, then prove Fj lies on the circumcircle.
. Compute the volume with AAOB as a base, and with AABC as a base. Equate.

. Choose P strategically: it can be any point.

. Use the Pythagorean theorem.

. These coordinates work: (—5/2,0), (5/2,0), (7/10,12/5), (0,15/8), (—7/10,12/5).

. It might help to know ¢? = ¢ + 1.

. Use coordinates.

. Applying the theorem isn’t too bad: almost all the lengths are the same!

. Imitate our proof of van Schooten’s theorem.

. Find the difference in the volumes of the cones. You need to find the height.

. If it helps, remove an upside-down cone from the cylinder and use Cavalieri’s.

. Do the same thing we did in the proof!

. This is nearly a direct application of one of the theorems discussed.

. The answer is not always. Try making AAOB equilateral and vary OC.

. If the sides of a triangle are doubled, its area must be quadrupled.

. Remember to make use of the fact that BE and PC are parallel!

. You have to show that the other roots of the polynomial aren’t possible ratios.

. For similar triangles, the ratio of their areas is the square of the ratio of their lengths.
. Extend BN to meet AC at Q.

. Show that Z/CBD = ZABP.

. One way to set up coordinates is (0,0), (0, R), (r,h), (0,h).

. If S(n) is the sum in layer n, S(n) =2S(n —1) +2S(n —2) +--- 4+ S(0).

. Put the two segments together and hope it’s congruent to the other segment.

. Choose a point K on BC such that BD = BK. ADK B is cyclic.

. If the sphere’s base is flat on the floor, the cone’s base should be pointing up.
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The four corner regions are the same. The top and bottom regions are the same.
Van Schooten’s theorem looks like a good idea.

Look at the rectangular prism with opposite vertices at A and the sphere’s center.
There’s a nice formula for the xz-coordinate of the between a/b and c/d.

Construct point @) such that OPQR is a square.

Place a regular polygon inside the equiangular one, such that the sides are parallel.
You need to show DE? = 4PQ?.

One way to solve it: the centroid divides the triangle’s median in the ratio 2 : 1.
Find AB, BC, CA in terms of AO, BO, CO. Then find [ABC| using Heron’s.
View it from a perspective where A and B are opposite vertices of a rectangle.
Consider a cube of side length /2.

Find p?, and use ¢? = ¢ + 1. Find p? = p? - p, and use p? = ¢ + 1 again. Find p*.
Use Pappus’s centroid theorem in reverse. And use symmetry.

Similar triangles.

Construct the point P on ray BT such that TP = TC. Then angle chase.

ABDEF is equilateral. Rearrange the area.

Let’s say [BTD] = 1. Find [BT'A] and [ATE].

Look at the areas.

You want to get rid of BE? and DF?, so eliminate them. Like a system of equations.
NAPD ~ AMPB. In what ratio?

To explain why the segments are always equal, roll the two points along the curves.
Set up coordinates so there’s an axis of symmetry at © = 0. You only need to find y.
Nothing changes with our previous argument!

You're given the diameter, not the radius.

A nice solution: inscribe it in a rectangular prism. The length is half the longest
diagonal.

Reflect the two perpendicular chords over the center of the circle.

Have you done Exercise 1.207 Use it.

Once you find x and y, use the law of cosines on AABD.

If two triangles have the same height, the ratio of their areas is the ratio of their bases.
Construct points P and R on rays OB and OC such that OA = OP = OR.

If the point is on side AB, and the diagonals meet at E, look at [ABE].

Let r be the common ratio. Descartes’ theorem gives a polynomial. r2 4 1 is a factor.
The shape you're rotating isn’t a triangle, but like two mountain peaks.

Use Menelaus’s theorem. AD is one of the triangle’s sides.

To find a certain length, use Exercise 3.2.

Let F' be the point such that ABEF is a paralellogram. Notice anything?

Rotate 90° about A, then complete the triangle.

Make similar right triangles to find the heights of the cones.

This is similar to Problem 2.24.

To get the shape you want, mirror the figure over the axis and ignore half of it.

If it has edges d and e, then (a/2)? = R? — (d? + €2).

Show that ACQA ~ APQB, then use it.

It’s [ARC]/[ADC] times [ADC]/[ABC].
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What is [ADB]/[CDA]? What is [PDB]/[CDP]? Subtract.
You need to compare the lens-like shape and the circle.

If two pyramids have the same base, the ratio of their volumes is the ratio of their
heights.

Let M be the midpoint of the common edge of the faces P and Q). ZPM@ = 90°.
Use Cavalieri’s principle. Instead of the area of one cross-section, use the sum of two.
Adding 1 to CD/BD gives BC/BD,

Set AD =z, BD = y. Find the area of ABE and ACD in terms of x and .

It’s a one-dimensional centroid. You still take the weighted average.

Did you solve Exercise 4.67 Rearrange the formula in terms of 1/4/r.

You’ll have to use another theorem. You have a lot of ratios here.

Extend PQ to meet the circumcircle again at A. What’s special about AABC?
By viewing the cube at a certain angle, the triangle becomes a line.

Use Cavalieri’s principle, but with two dimensions.

Draw some parallel lines to help rearrange the area.

Four vertices of a cube, no two of them adjacent, form a regular tetrahedron.
Rotate.

Rearrange the faces of the tetrahedron into a two-dimensional figure.

All you have to do is construct a parallelogram.

Show that both pairs of opposite sides are parallel.

NARQ ~ ABSQ ~ ADSC. In what ratios?

No, they don’t drain at the same rate.

Extend AB, CD, EF to make an equilateral triangle.

Volume.

The circle in between z-coordinates a/b and ¢/d has z-coordinate (a + b)/(c + d).
Use the fact that ||a]|* = a e a.

Draw T'C. Let ['DC| =z, [TEC] =y. Use AT/DT, BT /ET to find area ratios.
Find [ADF]/[BDF]. Use AF = ED.
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